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Introduction 



Let i? be a hypersurface ring, that is R = S/ (/) for a regular local ring {S, m) and 
7^ / G m. Accordingly to Eisenbud [Eij, any maximal Colien-Macaulay (briefly MCM) 
module over R has a minimal free resolution of periodicity 2 which is completely given by a 
matrix factorization [ip, ilj),(p,il) being square matrices over S such that iptp = ipip = f Id„, 
for a certain positive integer n. Therefore, in order to describe the MCM i?-modules, it 
is enough to describe their matrix factorizations. In this paper we give the description, 
by matrix factorizations, of the graded, rank two, indecomposable, MCM modules over 
K[xi, X2, X3, x^]/ {xl + xl + xl + x^). Part of this study was done with the help of the 
Computer Algebra System Singular |GPSj . 

The MCM modules over the hypersurface /a = + + ^3 were described in |LPPj as 1- 
parameter families indexed by the points of the curve Z = Vlfs) C P^. This description 
is mainly based on the Atiyah's theory of the vector bundles classification over elliptic 
curves, in particular over Z, and on difficult computations made with the Computer 
Algebra System SINGULAR. The description depends on two discrete invariants — the 
rank and the degree of the bundle — and on a continuous invariant — the points of the 
curve Z. 

It is of high interest the classification of vector bundles, in particular of ACM bundles (i.e. 
those which corresponds to MCM modules) over the singularities of higher dimension. 
In the paper |lEPl| are described the matrix factorizations which define the graded MCM 
modules of rank one over = xf + 0:2 + X3 + X4. There is a finite number of such modules 
which correspond to 27 lines, 27 pencils of quadrics and 72 nets of twisted cubic curves 
lying on the surface Y = V{f4) C P^. From geometrical point of view the problem is 
easy, but the effective description of the matrix factorizations is difficult and SINGULAR 
has been intensively used. 

In the present paper we continue this study for the graded MCM modules of rank two. We 
obtain a general description of the MCM orientable modules of rank two. They are given 
by skew-symmetric matrix factorizations (see Theorem 12. 2|) . The technique is based 
on the results of Herzog and Kiihl (see [HKj) concerning the so called Bourhaki exact 
sequences. The matrix factorizations of the graded, orientable, rank two, 4-generated 
MCM modules are parameter families indexed by the points of the surface Y , that is 
two parameter families and some finite ones in bijection with rank one MCM modules 
described in |EPj (see Theorem IH.2| here an important fact is that two Gorenstein ideals 
of codimension 2 define the same MCM module via the associated Bourbaki sequence 
if and only if they belong to the same even linkage class). We also describe the non- 
orientable MCM modules of rank two over /4. There is a finite number of such modules 
which correspond somehow to the rank one modules described in |EPj . The graded 
MCM modules, non-orientable, of rank two are 2-syzygy over /4 of some ideals of the 
form J/(/4), J being an ideal of the polynomial ring S = K[xi,X2,X3,X4], {K is an 
algebraically closed field of characteristic zero), with G J, dim S/ J = 2, depth S/ J = 1, 
whose Betti numbers over S satisfy Pi{J) = Po{J) + 1 and P2{J) = 1 (see Lemma H^j). 
This result has been essential in the description of the graded, non-orientable MCM 
modules. The paper highlights bijections between the classes of indecomposable, graded, 
non-orientable MCM modules of rank two, 4 and 5-generated and the classes of rank 
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one, graded, MCM modules (see Theorem 14.41 and Theorem 15 .21) . Consequently, there 
exists a bijection between the classes of indecomposable, graded, non-orientable MCM 
modules of rank three, 5-generated and the classes of rank one, graded, MCM modules 
(see Corollary I5.3|) . These results remind us the theory of Atiyah and give a small hope 
that the non-orientable case behaves in the same way for higher rank. We also show 
that there are no indecomposable, graded, non-orientable MCM modules of rank two 6- 
generated. Consequently, there exist no indecomposable, graded, non-orientable MCM 
modules of rank four, 6-generated. 

Till now the description of graded rank two MCM modules is not too far from the theory 
of Atiyah. But the description of graded, rank two, 6-generated MCM modules is different 
(see Section 6) as we expected since a part of them given by Gorenstein ideals defined by 
5 general points on Y forms a 5-parameter family (see |Mij . |IKj ) . However we believe 
that behind these results there exists a nice theory of graded MCM modules over a cubic 
hypersurface in four variables which waits to be discovered. 

We express our thanks to A. Conca, R. Hartshorne, J. Herzog and G. Valla for very 
helpful discussions on Section 6 and Theorem 12.21 



1 Preliminaries 

Let Rn := K[xi,X2, ■ ■ ■ , a;„]/(/„,), where = + . . and K is an algebraic closed 

field of characteristic 0. Using the classification of vector bundles over elliptic curves ob- 
tained by Atiyah AtJ, Laza, Pfister and Popescu [ILPPj describe the matrix factorizations 
of the graded, indecomposable and reflexive modules over R3. They give canonical normal 
forms for the matrix factorizations of all graded reflexive i?3-modules of rank one (see 
Section 3 in |LPPj ) and show effectively how we can produce the indecomposable graded 
reflexive i?3-modules of rank > 2 using Singular (see Section 5 in |LPPj ). We recall 
from |LPPj the description of the rank one, three-generated, non-free, graded MCM R^- 
modules since we shall use it in the last section of our paper. First we recall the notations. 
Let Po = [-1 : : 1] G ^(/g). For each A = [Ai : A2 : 1] G ^(/g), A ^ Pq, we set 

X2 ~ A2X3 

«A = I Xi+ X3 -X2 - A2X3 -WX3 




(1 - Ai)a;3 - xi 
where w = and, if A = [Ai : 1 : 0] G ^^(/s), we set 

(0 Xi — X1X2 X3 
xi + X3 — AiXi AiXi + A^X2 
X2 X3 - Xi -Xi 

Let f3x the adjoint matrix of ax. 

Theorem 1.1 ((3.7) in |LPPj ). {ax,(3x) is a matrix factorization for all A G ^^(/a), A 7^ 
Pq, and the set of three-generated MCM graded R^-modules, 

Mo = {Cokera^ I A G V{f,),Xy^ Pq} 
has the following properties: 
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(i) All the modules from have rank one. 
(a) Every two different modules from M.q are not isomorphic 

(Hi) Every three-generated, rank one, non-free, graded MCM R^-module is isomorphic 
with one module from M-q. 

Now we consider the case n = 4. In this case we do not have the support of Atiyah 
classification. The complete description by matrix factorizations of the rank one, graded, 
indecomposable MCM modules over i?4 was given in |EPj . 

The aim of the present paper is to classify the rank two, graded, indecomposable MCM 

modules over i?4. From now on, we shall denote R = R^, f = f^ and we preserve the 

hypothesis on K to be algebraically closed and of characteristic zero. 

Let M be a rank two MCM module over R and let fi{M) be the minimal number of 

generators of M. By Corollary 1.3 of jHK I. we obtain that /i(M) G {3,4,5,6}. 

First of all we consider the three— generated case. The description of the rank one 

MCM _R-modules is given in |EPj . We recall the notations. For a, b,c,d,e & K such that 



a 



= = d^ = —1, = 1,6 ^ 1, and bed = ea, we set 

xi — ax4 X2 — bxs 

a{b, c, d,e)=\ xi — 0x2 —6^X3 — abc^e'^Xi b'^c^x^ — abce^Xi 
X3 — dxi 0^X2 + bc^xz + acx4 — xi — 0x2 — 0x4 



and 



I3(b, c, d, e) = a{b, c, d, e)*, 

that is, the transpose of a{b, c, d, e). Then each of the matrices a{b, c, d, e) and c, d, e) 
forms with its adjoint, a{b, c, d, e)*, respectively P{b, c, d, e)*, a matrix factorization of /. 
For a,b,c E K, distinct roots of —1, and e as above, we set 

Xi + X2 — ax4 

ri{a,b,c,e) = I Xi + 5x2 — X3 + 0x4 




— Xi — e X2 



and 



xi + X3 X2 — ax4 

■&{a, 6, c) = I Xi — 0^6x3 — X2 + CX4 

X2 — bx4 — Xi + 06^X3 

The matrices rj{a,b,c,e) and i!}{a,b,c) form with their adjoint, rj{a,b,c,e)* , respectively 
d{a, b,c)*, a matrix factorization of /. 

Theorem 1.2 ((3.4) in [EP]). Let 

M. = {Coker a{b, c, d, e), Coker c, d, e) \ b,c,d,e E K, 
b^ = = d^ = -1, bed = ea, = l,e 1} 

and 

Af = {Coker 77(0, b, c, e), Coker ■&{a, b,c) \ = 1, e 1 

and (a, b, c) is a permutation of the roots of — 1}. 

Then the sets M.,M of rank one, three-generated, MCM graded R-modules have the 
following properties: 
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(i) Every three-generated, rank one, indecomposable, graded MCM R-module is iso- 
morphic with one module from Ai U H . 

(a) If M = Coker a{b,c,d,6) (or M = Coker i3{b,c,d,e)) belongs to M and N e M, 
then N M if and only ifN = Coker a{be, ce, de, e^) (or N — Coker /3(6£, ce, de, e^) ). 

(Hi) Any two different modules from N are not isomorphic. 

(iv) Any module of H is not isomorphic with some module of Ai. 

The map M ^ Vl\^{M) is a bijection between the three-generated, indecomposable, 
graded, MCM i?-modules of rank two and the three-generated, indecomposable, graded, 
MCM i?-modules of rank one. Thus, from the above theorem we obtain the description 
of the rank two, three-generated, indecomposable, graded MCM i?-modules. 

Theorem 1.3. Let 

Ai* — {Coker a{b, c, d, e)* , Coker c, d, e)* \ b,c,d,e & K, 
b^ ^c^^d^^ -1, bed = ea, £^ = 1, £ 1} 

and 

Af* = {Cokerr/(a, 6, c,e)*,Coker^?(a,6, c)* | = 1,£ 7^ 1 

and (a, b, c) is a permutation of the roots of — !}■ 

Then the sets Ai*,Af* of rank two, three-generated, MCM graded R-modules have the 
following properties: 

(i) Every three- generated, rank two, indecomposable, graded MCM R-module is iso- 
morphic with one module from Ai* UAf*. 

(a) IfM = Coker a{b, c, d, e)* (or M = Coker c, d, e)*) belongs to Ai* and N e Ai*, 
thenN ~ M if and only if N — Coker a{b£,ce,de,e^)* (or N — Coker f3{be,ce,de,e'^)*). 

(Hi) Any two different modules from Af* are not isomorphic. 

(iv) Any module of Af* is not isomorphic with some module of Ai* . 

Corollary 1.4. There are 72 isomorphism classes of rank two, indecomposable, graded 
MCM modules over R with three generators. 

2 Skew symmetric matrices and rank 2 orientable 
MCM modules 

Let </? = {(iij)i<i,j<2s be a generic skew symmetric matrix, that is 

an — 0, aij — —ttji, for all i,j — 1, 2s. 
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Then 

det{(p) = pi{(pf, 

where pf(v?) denotes the Pfaffian of ip (see |Bol[ §5, no. 2] or |BH| (3.4)]). Like deter- 
minants Pfaffians can be developed along a row. Set (fij the matrix obtained from (f by 

deleting the i and j rows and columns. Then, for alH = 1, . . . , 2s, 



2s 



pf(y.) = 5^(-l)^+V(z,j>.,pf(^.,), (2.1) 
where denotes sign(j — i). Multiplying 1)2.11) by pf{(p), we get 



2s 

det((^) = ^(-l)*+^a,,6,„ (2.2) 
j=i 

for bij = cr[i,j) pi[{pij) pf(v2) when i ^ j and ba = 0. Since is a generic matrix we see 
from ()2.2|) that bij is exactly the algebraic complement of a^j and so the transpose matrix 
B of {bij) is the adjoint matrix of (p. Set 

Then 

(^^ = ^(^ = pf(cp) Id2^, 

as it is stated also in [[JP^, §3]. 

Proposition 2.1. Let f = + + + and ip a skew symmetric matrix over 
S = K[xi,X2,X3, X4] of order 4 or 6 such that det ip = p , K being a field. Then Coker ip 
is a MCM module over R := S/ (/) of rank 2. 

Proof. Let ip be given for ip as above, that is the {i,j) entry of ip is a{i,j)pf{ipij). As 
above we have 

ipip = ipip = f ■ Id„, n = 4 or 6 

because pf (v^) = /. Then {ip, ip) is a matrix factorization which defines a MCM i?-module 
of rank 2. □ 

Theorem 2.2. Preserving the hypothesis of Proposition Wl\ the cokernel of a homoge- 
neous skew symmetric matrix over S of order A or Q of determinant defines a graded 
MCM R-module M of rank two. Conversely, each non-free graded orientable MCM R 
module M of rank two is the cokernel of a map given by a skew symmetric homogeneous 
matrix ip over S of order 4 or 6, whose determinant is and ip together with ip, defined 
above, form the matrix factorization of M. 
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Proof. After Herzog and Kiihl jHKj . M must be 4 or 6 minimally generated. Suppose 
that M is 6-generated (the other case is similar). Then M is the second syzygy over 
i? of a Gorenstein ideal / C i? of codimension 2 which is 5-generated by jHKj. Using 
Buchsbaum-Eisenbud Theorem (see e.g. |BHj . (3,4)) there exists an exact sequence 

0^S{-5)^S'>{-3)^S''{-2)^S (2.3) 

such that J = Imc?!,/ = J/{f),d2 is a skew symmetric homogeneous matrix, is the 
dual of di, = d\, and 

rfi= (pf((rf2)l),-pf((^^2)2),...,pf((t^2), 

where (^2)4 denotes the 4x4 skew symmetric matrix obtained by deleting the row 
and column of c?2. Since f E J there exists v : 5'(— 1) — > such that div = f {v is given 
by linear forms). It is easy to see from ()2.3p that / = J/{f) has the following minimal 
resolution over S : 

^ Si-5) ^^S%-4-S\-2) ^1^0. 

Like in jEij, since // = 0, there exists a map h : S'^(— 5) S^{—3) such that {d2,v)h = 
f ■ Id5 and we get the following exact sequence 

i?6(_5|'j|)R6(_3)(^2;r^^5(_2) ^ / ^ 0. (2.4) 
On the other hand, ip = ^ ^'^^ ^ ^ is a skew symmetric homogeneous matrix of order 6. 

Let if) given as above. By construction i}) has the form ( ^ ^ j ^"^^ ~ 
/ ■ Ids. Taking h = (^^) above, we get from ()2.4|) . the following exact sequence: 

which gives 

Cokeryp = ImV' = ^^(1). 

We have = / ■ Idg and so det{(f) is a power of /. Since the entries of are linear 

forms, we get det(v9) = p. □ 



3 Orientable, rank 2, 4— generated MCM modules 

Let K be an algebraically closed field of characteristic zero, 

S = K[xi,X2,X3,X4], f = xl + xl + xl + x|, and R = S/{f). Let M be a graded, in- 
decomposable, 4-generated MCM i?-module of rank two. After Herzog and Kiihl .HKj . 
M = f2|.(/), where J is a graded 3-generated Gorenstein ideal such that dim i?/J = 1. 
Then I = J / (/), with J C S a. graded, 3-generated ideal containing /. Let ai, 0:2, as be 
a minimal system of homogeneous generators of J. Since dimS/J = 1, it follows that 



6 



ai, a2, as is a regular system of elements in S. 

Let u,a,b & K with — — —1, + u + 1 — and a — {i j s) be a permutation of 
the set {2, 3, 4} with i < j. Set 

Wcti = a;i — axg, w„2 = Xi — bxj, 

Vai ^ xl + axiXs + a^Xs, Va2 ^ x^ + bxiXj + b^x"^. 

then we have 

Let A = [Ai : A2 : A3 : 1] be a point of the surface V{f) C P^. We set 

Pix = Xi — XiX4^, and = x1 + XiXiX^^ + }^x\, for 1 < i < 3. 
Let A = [Ai : A2 : 1 : 0] be a point of V{f). We set 

PiX = Xi- XiX3, Qix = xl + XiXiX^i + X^xl, for 1 < i < 2 

and 

P3A = Xi, qzx = xl- 
If A= [Ai : 1 : : 0] e V{f), we set 

Pix = Xl - XiX2-, qix = x\ + AiX'iX'2 + Xlxl 

and 

P2X = 2:3, P3A = Xi, q2x = xl, q^x = xl- 

In all cases we have 

3 

/ = ^PixQiX- 

i=l 

These arc the only ways to write / as a linear combination of two or three forms of 
degrees 1,2, provided that the 1-forms are linearly independent. Since / G (ai, 0:2, as), 
we may suppose that either ctj is in the set {pi\, qi\} for each 1 < i < 3, or ctj is in the 
set {W(ri, Vcri} for each 1 < i < 2 and l3 — is a regular element in R/{a\, a2). 

Lemma 3.1. Let M he a graded, indecomposable, i-generated MCM R-module of rank 
2. Then M is one of the following modules: 

(1) ^%{piX:P2X:P3x) or Q^iqix, q2X: ?3a), foT some X e V{f), 

(2) fi%{wai,Va2, l^) or fl'j^{wa2,Vai, forsomea,b,aand(3 as above. 

Proof Set 

-^A = (Pia,P2A,P3a) 
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and 








P3X 


-P2X 


-qix 


\ 




-P3X 





-PlX 


q2x 






P2\ 


PlX 





qsx 




v 


qix 


-q2x 


-q3x 





/ 



We have the following exact sequence: 



i^x 



( -gsA q2X PlX \ 

qsx qix -P2X 

-q2x -qix -p3A 

V -PlX P2X P3X / 



R\-5) © R{-6) ^ R\-4) ^ R\-2) © i?(-3) ^ R\-l) ^ h 



0, 



where r = {—pix,P2X,P3x) and A is given by the first three rows of ipx. Thus ^2^(1^) = 
CokeT{ip\) and (^ja, V'a) is a matrix factorization of Q'^{Ix). The ideals /a and {qix, q2X,P3x) 
belong to the same even linkage class since 

h ~ {qix,P2X,P3x) ~ {qix,q2X,P3x)- 

For the first link we consider the regular sequence {pixqix, P2X, P3x} and for the second 
one the sequence {qix,P2xq2X,P3x}- Similarly one can see that Ix is evenly linked with the 
ideals {qix, P2X, q3x) and {pix, q2X, q3x)- By Theorem 2.1 jHK], we get that 



Coker(v9A) = ^^^(^a) = ^%{qix, q2X, P3x) = ^l,{qix, P2X, q3x) = ^%{Pix,q2X,q3x)- 
Analogously we see that 

Coker(^A) = ^R{qix, q2X, q3x) = ^r{pix,P2X, qsx) = ^r{pix, q2X, Psx) = 

= ^\{qiX,P2X,P3x)- 

Thus the case when a, is one of the forms {pix, qix} gives (1). 

Now let a, a, b as above and P E S which is regular on R/ {w^i, fo-2). Set 

I„p{a,h,u) = {Wal,Va2,P) 

and 

ipaf3{a,b,u) 



il)^l3{a,h,u) 

We have the following exact sequence: 
i?^ R" i?^ 








Wal 


-Va2 





\ 




-Wal 







Wa2 






Va2 


/3 





Val 




V 







-Val 





/ 


/ 





-v^i 


Wa2 




\ 




Val 








-Va2 






-Wa2 








-VJal 




V 




Va2 







/ 



B 



R^ Iap{a,h,u) 



, 



where r' = (— /?, Va2, vOai) and B is the matrix given by the first three rows of faf3{ci, b, u). 
Thus 

^l\[lai3{a,h,u)) = Cokei (Lpap{a,b,u)). 
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As above we see that 



and 



Thus the case when ctj is one of the forms {w^i, v^i} for i < 2 gives (2). 



□ 



Let 



M 



{Coker(y.A),Coker(^A) | A G VU)}- 



For a, 6, a as above, set 



{a,b,u), ij^{a,b,u) = ij, 




that is /3 = XjXs- Let 



P = {Cokei (^ip „ {a, b, u)) ,CokeT{ip„ {a, b,u)) \ a,b,a as above }. 



Theorem 3.2. The set A4 U Vcontains only non-isomorphic, indecomposable, graded, 
orientable, A-generated MCM R-modules of rank 2 and every indecomposable, graded, 
orientable, 4-generated MCM R-module of rank 2 is isomorphic with one module of 

Mur. 

Proof. Applying Lemma ITT] we must show in the case (2) that /3 can be taken xjXs- Since 
v„i —Wo-i{xi + 2aXs) = Sa^xl, adding in ipa/sia, b, u) multiples of the last row to the second 
one and multiples of the first column to the third one, we may suppose the entry (2, 3) 
of the form 7 + XgS, with 7,5 depending only on Xj,Xi. These transformations modify 
the entries (2, 2), (3, 3) which are now possibly non-zero. Adding similar multiples of the 
last column to the second one and multiples of the first row to the third one, we get 
iPa^pi^a, b, u) of the same type as before but with /5 = 7 + XgS. We may reduce to consider 
5 ^ K. Indeed, if 5 G i^, then, acting on the rows and columns of ipai3{a,b,u), we get 
that M = Coker(y9 0-/3(0, b, u)) is decomposable or belongs to the set A4. Now let S be not 
constant. Similarly, adding in 0-/3(0, b, u) multiples of the first row to the second one and 
multiples of the last column to the third one we may suppose that the entry (2, 3) has 
the form exjXs with e & K. These transformations modify the entries (2, 2), (3, 3). After 
similar transformations we get ipaisia, b, u) of the same type as before but with {3 = exjXs- 
If £ = we see that (pa/sio,, b, u) is a direct sum of two 2 x 2-matrices which contradicts 
the indecomposability of M = Coker(v?o/3(a, «)) • So e 7^ 0. Divide the second and the 
third column of (p„j3{a, b, u) with e and multiply the first and the last row of (p„j3{a, b, u) 
with e. We reduce to the case e = 1, that is /5 = XjXg- 

Now we show that two different modules from M.VJV are not isomorphic. Note that the 
Fitting ideals of ipx (respectively ifjx) modulo (xi, . . . ,^4)^ have the form (pia,P2A,P3a) 
and the Fitting ideals of ipa[a,b,u) (respectively ipai^a^b^u)) modulo (xi, . . . , X4)^ have 
the form (^01,^^0-2) and these ideals are all different. Thus 



contains only non-isomorphic modules (similarly for ^-es). It follows that, ii N,P G 
Ai UV are isomorphic and different, then ~ Q]^{P). 



{CokeT{(px) I A G V{f)} U {Coker ((y9o-(a, 6, m)) | cr,a,b as above } 
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If = Coker(y9A), for A G V{f), then this is not possible since the ideals {pix, P2X, P3x) 
and (giA, 5'2A, 5'3a) are not in the same even linkage class. Indeed, by the proof of (z) 
in Lemma ITT] {pix, P2X, Psx) is evenly linked with {qix,q2X,P3x) and this last ideal is 
obviously directly linked with {qix, q2x, qsx)- If N = Coker((y9o-(a, b, u)) for some a, a, b, and 
~ fl]^{N), then the ideals {wai,Va-2,XjXs) and {wai,Wa2,XjXs) are evenly linked. But 
these ideals are directly linked by the regular sequence {wai,Va2U!a2, xjXg}, contradiction! 
It remains to show that Ai UV contains only indecomposable modules. If G let 
us say = Coker(v9A) for A = [Ai : A2 : A3 : 1] we see that N/x^N is exactly the module 
corresponding to the matrix 



/ 



-S3 

X2 





X^ 



\ 



/y>2 ,-y>2 

•^1 -^2 



-X2 
-Xi 





—X 

2 

q 



n 



/ 



whose cokernel is the special module M2 (see |LPPj for the special module of rank two 
which corresponds to the special bundle from Atiyah classification). Thus N/x^N is 
indecomposable and, by Nakayama's Lemma, A^ is indecomposable. Now let N & V, 
N = Coker('?/'o-(a, b, u)) . By the permutation of the rows and the columns of ipai^', b, u), 
we may suppose that it has the form: 



/ Wal -Va2 x^x, 

Wa2 V„i 


\ 



\ 



J 


Val Va2 
-Wa2 Wal ) 



Suppose A^ is decomposable. Then ipa{a,b,u) is a direct sum of two matrices of order 
two which we may suppose to be given by the submatrices of the above one given by the 
first two lines and columns respectively the last two lines and columns (this is obvious 
modulo Xj or Xg)- Due to the particular form of ilJa{(i,b,u) this means that there exist 
two matrices A, B of order two such that 



XnXs ■ Id2 



Wal -Va2 
Wa2 Val 



A + B 



Val V^2 
-Wa2 Wal 



□ 



which is impossible. 

Remarks 3.3. (i) There exists a bijection between 

Vi = {Coker(y9o-(a, 6, m)) | a,a,b} 

and the two-generated non-free MCM i?-modules which remind us Atiyah's classification. 
Thus Pi contains 54 modules corresponding to 27 lines and 27 pencils of conies of V{f). 
Similarly, V2 = {Cokerl^ip^ {a, b,u)) \ a,a,b} contains 54 modules. 

(ii) Ai is a kind of "blowing up" of M2, f2)j(M2) from |LPPj (see the proof of Theorem 
I3.2|l . Note also that M. consists of two classes of modules parameterized by the points of 
V{f), which is also in Atiyah's idea. 

(iii) The matrices ip defining the modules of 7W U P are skew symmetric as our Theorem 
I predicted. 
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4 Non— orient able, rank 2, 4— generated MCM mod- 
ules 



Let M be a graded non-orient able, rank 2, MCM i?-module, without free direct sum- 
mands. We should like to express M as a 2-syzygy of an ideal I, M = with 
fi{M) = fi{I) + 1 (this is known in orientable case by |HKj . see here Section 3). 

The following proposition can be found in ,B, Korollar 2]. 

Proposition 4.1. Let {A,m) be a Noetherian normal local domain with dim A > 2 and 
N a finite torsion-free A-module. Then there exists a finite free suhmodule F G N such 
that N/ F is isomorphic with an ideal of A and the canonical map F/ niF N/ mN is 
injective. 

Applying Proposition 14.11 we obtain the following exact sequence: 

0^ R-^ M ^ I ^0 (4.1) 
for an ideal I C R, which induces an exact sequence 

0-^ K = R/m M/mM I /ml 0. 

Thus /i(M) = fi{I) + 1. 

As we know in the orientable case to get MCM i?-modules of rank 2 we must choose / 
such that Ext]i{I, R) is a cyclic i?-module or more precisely such that R/I is Gorenstein. 
In the non-orientable case one can also show that Ext)j(/, R) must be a cyclic i?-module, 
but this is not very helpful since it is hard to check this condition for arbitrary /. Below 
we shall state an easier condition. 

Let J C S = K[Xi, . . . , X4] be an ideal such that f & J and I = J / (/). 
Lemma 4.2. Let 

be a minimal free S -resolution of an ideal J with depth S/J= 1. 
//rank(]|(j/(/)) = 2 and fi{n%{j/{f)) = /i(/) + 1 then Si = < 5 and S3 = 1. 

Proof. As in the proof of Theorem 12. 21 we get a minimal free resolution of / = J/ (/) over 
5* in the following way: 

Let V : S S**^ be an S-linear map such that jdiv = fids, where j : J — ^ S* is the 
inclusion. Let di be the composite map S'' J ^ J/ if) = L Then the following 
sequence 

^ ® gS2+l^'^2Z^gsr J ^ Q 
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is exact and forms a minimal free S'-resolution of I over S. Since 



there exists an ^'-linear map h : S^^ — >- S^^^^ such that 

{d2,v)h = /Ids-i 
and we get the following exact sequence 

which is part of a minimal free i?-resolution of /. Thus M = is the image of the 

first map above and so S2 + S3 = S2 + 1 = si + 1 because /x(M) = /x(n^(M)) = fx{I) + 1 
by hypothesis. It follows S3 = 1, Si = S2. As /i(M) < Srank^M = 6 we get Si < 5. □ 

Let detiV be the corresponding class of the bidual (A^A^)**, n = rankA^, in Cl{R) for a 
torsion free i?-module A^. Since det is an additive function, we get det(M) = if and 
only if det(/) = 0. Thus M is non-orientable if and only if / is non-orientable, that is 
codim(J) < 1 for all ideals J G R isomorphic with J, after |HKj . Since M has rank 2, we 
get codim(/) = 1. Thus dimR/I = 2 and, from (jHH), we get depth i?// = 1, that is R/I 
is not Cohen-Macaulay. Also from (P?T|) we get fi|(M) ~ and so M ~ 

Proposition 4.3. Each graded, non-orientable, rank two, s-generated MCM R-module 
is the second syzygy of an (s — l) -generated graded ideal I C R with depth i?// = 1 

and dimR/I = 2. 

As in Section 3, let u,a,b & K, with 

= 6^ = -1, + M + 1 = 0, 
a = {i j s) be a permutation of the set {2, 3, 4} with i < j and set 

Wal = Xi — aXs, Wa2 = Xi — bXj, 
„2 , _ , „2„2 „. .2 , T „ _ , ,2„2 



We have 
for 

Set 



Vai = Xi + axiXs + a Xg, fo-2 = x^ + bxiXj + b x ■ 



1 = xi- uaxs, f"i = a;i + (1 + u)axs 



K2 = ^i- ubxj, = Xi + {1 + u)bxj. 



Il^{a,b,u) = {XsV'^2^^ct2,W„i), 
l2a{a,b,u) = {XjV"^,V^i,Wa2), 

Is^{a,b,u) = ixsv'^2^v^2,v^i), 
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Set 



ha{a,h,u) 
( 



ip2a{a,b,u) 



ip2cT{o,,b,u) 



(P3a{a,b,u) 



ip3a{a,b,u) 



ipi^{a,b,u) 



ip4a{0',b,u) 






Wal 


-K2 












Wa2 














-Wa2v'^2 










Val 
-Wa2v'a2 



\ -XsVa2 



( 



( 





-Wa2 

Val 





Va2 



( 



\ 



-WalVal 
~^jVal 





-Val 

Va2 





-Val 




Va2 

Wa2 


XjV'^1 
-Waiv'al 



-Va2 


Val 



Val 




^sV^2 
-Wa2Va2 



\ -XsVa2 
( 





Wal 
Wa2v"a2 



-Wal 


Va2 



Wa2 




Wal 

-<1 
—Xj 



-Va2 

Wal 




Wa2 

-V'a2 
Xs 



-Wal 

Wa2 



Val 



X g 

-<2 
-Wal 




Wal 

Va2 





X 



-V 



0-1 

-Wa2 




Wa2 

Wal 





-'^a2 
-Val 








Va2 


-<1 





-Va2 





—Xj 


Wal 


Val 


XjV'^l 





Wa2 





WalV'al 


-Wa2 








-Wa2 


Wal 




Wa2 








-ki 


-WalV'^l 








-Va2 


—^jVal 


Val 


Va2 






Theorem 4.4. (^z^ For eac/i I < t < 4, the pair (^(fita{(i,b,u),ipta{0',b,u)) forms a 
matrix factorization of flj^(^Ita{(i, b,u)Y 
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(ii) The set 



A/" = {Coker ((/9tcr(a, ^^)) , Coker ('?/'to-(a, 6, u)) | 1 < t < 4, a,a,b,u} 

contains only graded, indecomposable, non-orientable, A-generated MCM R-modules 
of rank 2 . 

(Hi) Every indecomposable, graded, non-orientable, 4-generated MCM module over R of 
rank 2 is isomorphic with one module of M . 

(iv) The modules of M are pairwise non-isomorphic. In particular, there exist 432 
isomorphism classes of indecomposable, graded, non-orientable, 4-generated MCM 
module over R of rank 2. 

Proof, (i). It is easy to check that 

iftaia, b, u) ■ tptaia, b,u) = f ■ Id^ 
and the following sequence is exact: 

. (pi„(a,b,u) „ „ ihi„(a,b,u) . Ai 

Ri-6)^ ^(_5)2 ^ ^(_4)2 ^^_3^4 ^ ^ 



Ii„{a,b,u) 



0, 



where Ai is the 3 x 4— matrix formed by the first three rows of ipicrid, b, u). Thus (z) holds 
for t = 1, the other cases being similar. 

{ii). Clearly Ii„[a,b,u) C {v'^2^w„i) and so dimi?//io-(a, 6, m) = 2. As Xg is zero-divisor 
in R/ Ii(j{a,b,u) we see that depth R/ Ii^{a,b,u) = 1 and, by Proposition ??, 
is non-orientable, 4-generated of rank 2. Note that after some linear transformations 
ipia{a,b,u) becomes 




\ 



Xs \ 



X s 



<2 



and as in the last part of the proof of Theorem 13.21 we see that Coker 6, u)) is 

indecomposable because there exist no two matrices A, B of order two such that 



( ° 








y 


)-{ 



Wa2 



-Wal 
Va2 



A + B 



Wal Va2 



Similarly follows the cases t > 1. 

{Hi). Now let M be an indecomposable, graded, non-orientable, 4-generated MCM R 
module of rank 2. By Proposition 14.31 there exists a graded ideal I <Z R with dimi?/J = 
2, depth i?/J = 1, which is 3-generated and such that M ~ ^\{I)- Then / = J/{f) 
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with J <Z S — K[xi,X2,X3,X4\ a three generated ideal containing /. Let ai,a2,as be 
a minimal system of homogeneous generators of J. If / does not belong to the ideal 
generated by two at, then, as in Section 3, f — Ylt=iPt'lt and, after a renumbering, we 
may suppose that at is necessarily either pt or qt, for all 1 < t < 3. Then ai, a2, a^ is a 
regular system of elements in S and so R/I = S/I is Cohen-Macaulay which is false. 
Thus we may suppose / e (ai, 0:2) • Then there exist a,b & K with — — —1 and 
a — {i j s) a permutation of the set a — {2, 3, 4}, i < j, such that at is necessarily either 
Wat or v„t, for t = 1,2. If ai = w^i, «2 = "^^0-2, then R/{ai, a2) is a domain and ai, a2, 03 
must be a regular system of elements in S and so, again, R/ 1 = S/ 1 is Cohen-Macaulay, 
contradiction! 

We have the following cases: 



Case I: 



Oil = Wal 



Then a2 must be Vfj2 and we have 



(q;i,Q;2) = {v'a2,Wal) n {v'l2,Wal)- 



It follows that a zero-divisor of R/{ai,a2) must be either in (w^2;'"^o-i) or in (^CT2)^cri)- 
As we know a^ is a zero-divisor in R/ {ai, a2) and so a^ e (v^g^ '"^o-i) or 0:3 e (v^g^ '"^o-i)- 
I (a). Suppose 

"3 e iv'^2^w^i). 



Subtracting from a^ a multiple of Wai, we may take a^ = ^^2/^ for a form /3 of 5'. Note 
that the matrices 

/ w^i 

-Wal 

Va2 Pv'^2 



-<2 \ 

-/3 Wa2 
W,^! 



\ -Wa2V'a2 -^al / 







-^^al Wa2 




-<2 



-W^2fo-2 -W^i 

\ -I3v'a2 Va2 W^l / 

give the following exact sequence: 



0, 



where Bi is given by the first three rows of ^p. Thus (93, ip) is a matrix factorization of 
Vt\{I) ~ M. Adding in ip multiples of the first row to the second one and adding multiples 
of the forth column to the third one, we may suppose that the entry (2, 3) of (p depends 
only on Xi,Xs- These transformations modify also the entries (2,2) and (3,3) which are 
now not zero. Adding similar multiples of first column to the second one and of the forth 
row to the third one, we get tp of the same type as before but with /3 depending only 
on xi,Xs. Since v^i — Wai{xi + 2aXs) — 3ax^, adding in ip multiples of the first column 
to the third one and multiples of the forth row to the second row, we may suppose that 
the entry (2, 3) has the form \Xs for some X & K. These transformations modify also 
the entries (3, 3) and (2, 2) which are now not zero. Adding similar multiples of the first 
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row to the third one and of the fourth column to the second column, we get tp of the 
same type as before but with (3 = Xxs- If A = 0, then clearly is the direct sum of two 
2-matrices which contradicts that M is indecomposable. So A 7^ 0. Now we divide the 
second and the third column of by A and multiply the first and the fourth row by A. 
The new (p is as before but with A = 1, that is ip = p>ia{a, b, u). 

I (b). Suppose 

Then we may take as = ^"2/^, for a form j3. With a similar proof as above, we obtain 
M ~ Coker(?/^3^(a,6,M)). 

Case II: a-2 = W(j2- 

Then ai = v^i- It follows that {ai,a2) = {v'^i,Wa2) H {v"i,Wa2)- We have the following 
two subcases: 

II (a). 0:3 G {v'^i,Wa-2)- We may suppose 03 = v'^^P, for a form P and we obtain that 
M ~ Coker('?/'4o-(a, 6, u)) . 

II (b). 03 G {v'^i,Wfj2)- In this subcase we may take 0:3 = v"^P, for a form P and we 
obtain that M ~ Coker(y92(T(a, «)) ■ 

Case III: ai = v^i, 0.2 = ^0-2- 

Then (ai, aa) = «i, ^2) ^ iKv K2) ^ K2) ^ Wav ^2)- We proceed like in the above 
cases taking from one prime ideal of the above decomposition of (0:1,02)), let us say 
03 G (f^i,f^2)) that is 03 = v'^iP + v'^2l some /3,7 G S". Suppose that one cannot 
reduce the problem to the case /? = or 7 = 0, this implies for example that v'^^ does not 
divide 7 and v'^2 does not divide /?. Then 02, cts)) C contains the columns of 

the following matrix 

Va2 "3 V'l^^l^ \ 

-Val 03 t;"i7 

-V^i -V^2 -<1<2 / 

and we can see that 0:2, 03)) > 4, which contradicts Lemma 14.21 Thus we 

may suppose, let us say = v'^^P where P is not a multiple of v'^^. Now we may 
proceed as in the above cases and we obtain, in order, M ~ Coker(y94o-(ci, 6, m)), M ^ 
Coker(y93o-(a, b,u)), M ~ Coker (?/'ia-(a, b,u)), and M ~ Coker('?/'2cr(a, b,u)). 
{iv) . We shall prove that the matrices of the set 

Af' = {ipta{a, b, u), tptaia, b,u) \ 1 <t < 4:,a,a, b, u} 

are pairwise non-equivalent. We shall consider the matrices which are obtained from 
the matrices of A/"' reducing their entries modulo m^. If A,B E M' are equivalent, then 
there exist P, Q, two invertible 4 x 4-matrices with the entries in K[xi^X2-,x^,Xi^ such 
that PA = BQ. Let A and B be the matrices obtained from A, respectively B, by 
reducing modulo their entries. From the equality PA = BQ, we obtain that there 
exist two invertible scalar matrices P,Q E AiilK) such that PA = BQ. This means that 
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the matrices A, B are also equivalent by some scalar invertible matrices. We construct 
the "reduced" matrices ipta{a,b,u) and ■i/jta{a,b,u), for all t. We see that the matrices 
i^i„{a,b,u),ip2a{ci,b,u),ilj3(j{a,b,u) and Tpicr{a,b,u) have the entries of the last two rows 
zero and the rest of the matrices have the entries of the first two columns zero. First we 
choose two matrices A, B, one of them with the last two rows zero and the other with 
the first two columns zero. Suppose that A ~ 5. It results that there are two invertible 
scalar 4 x 4-matrices U, V such that 

AU = VB. 

From this equality we get that the last two rows in the matrix VB are zero. Looking at 
the four possibilities to choose the matrix B, we see that the non-zero elements of the 
columns 3 and 4 in B are linear independent. Therefore the last two rows in V must be 
zero, contradicting V invertible. 

Hence we could find two equivalent matrices in the set Af' only if both have the last two 
rows zero or the first two columns zero. It is clear that we may reduce the study of the 
equivalent matrices A, B which have the last two rows zero. Let U,V & AiixiiK) be 
invertible matrices such that AU = VB. Let 

be the decomposition of our matrices in 2 x 2 blocks. We may suppose that Ai, Bi are 
of the form w^ji 16.2, 1 < « < 2. Then 

A2U3 = ViB^-ArU^. 

If Ai has on the main diagonal the element Wfji-, then A2 has on the main diagonal two 
elements from the set {1^0-25 ~^a2' "^"2}- Inspecting the elements in the above equality, 
we get that, if Bi has Wa2 on the main diagonal, then [/i = and so is invertible. 
Then A2 = ViBU^^ = Wa2ViU^^ which is not possible. This means that it remains to 
study the cases 

A = (fi^{a,b,u),B = ip3rin,p,v) 

and 

A = (pi„{a,b,u),B = (pir{n,p,v), 
for some a, a, 6, m, r, n,p, v. Let U,V E AA4x4{K) be invertible matrices such that 

(fi„{a,b,u) - U = V ■ ijj3r{n,p,v). 

Comparing the elements of the first row in the above equality, we obtain that U has all 
the entries of the third row zero, contradicting U invertible. 

In the same way we check that if (pia{a, b, u) and v) are different, then they are 

not equivalent. □ 

Let M(a,a,b) = Coker (<y9o-(a, &)) , N{a,a,b) = Coker (^/^^-(a, 6)) be the graded rank one 
2-generated MCM i?-modules (see |EPj ) . 
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Remark 4.5. There exists an indecomposable extension in Ext]^(M(cr, a, 6), N{T,n,p)) 
if and only if cr = r. In this case, there exists a unique indecomposable rank 2, 4- 
generated MCM module corresponding to the extension (up to an iso) which is orientable 
if n = a,p = b and non-orient able otherwise. Since all N{(T,n,p) are 9, the result is 
that for fixed M{a, a, b) there exists just one orientable and eight non-orient able MCM- 
modules, which are extensions E of the form 

^ N{a,n,p) E ^ M{a,a,b) ^0. 

So we have 27 orientable and 8 x 27 non-orientable MCM-modules. Similarly, taking 
now extensions F of the form 

M{a, n,p) ^ F ^ N{a, a,b) ^0 

we obtain another 27 orientable and 8 x 27 non-orientable MCM-modules. 



5 Non-orientable, rank 2, 5— generated MCM mod- 
ules 

As in Section 3, let u,a,b & K, with 

= 6^ = -1, it^ + It + 1 = 0, 
a = {i j s) be a permutation of the set (2, 3, 4} with i < j and set 

Wal ^ Xi — aXs, Wa2 ^ Xi — bXj, 



We have 
for 



2 I I 2 2 2,1, I 1,2 2 

■f^o-i — X]^-\- axiXg + a Xg,Vcr2 — x^ + bXiXj + b Xj. 



v'^i — Xi — uaXs, v"i — Xi + {1 + u)aXs, 



— Xi — ubxj, — Xi + {1 + u)bxj. 

Consider the following ideals: 
Set 

Jl^{a,b,u) = {v^i,V^2,v'^^v'^2,v"Wa2): 

Denote by J the union of the above famihes of ideals. 
Set 



pia{a,b,u) 



/ 





-<2 


-<2 







\ 












Wa2 


-v" v" 

"a2 "al 






-V'^2 





<1 















V'al 








Va2 




\ 





-Wa2 
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and 



u}ia{a,b,u) 



ft 


// 


/ 

-U;a2V^2 





tt tt 

<lVa2 











ff 


-Va2 




-WalVa2 









Val 


Va2 


<1<2 


v" v" 

^al ^a2 














Wa2 





I 



Clearly the pair of the matrices above forms the matrix factorization of ( Jicr(a, 6, u) j (/)) . 
By permutations of t>^^, f^^, v^2) ''^^2 one can find easily the matrix factorization of the 
module n%(J2a{a,b,u)/{f)). 

Also set 



Ti^{a,b,u) = 


{Val 


Va2 


'"a A: 




T2a{a,b,u) = 


{Val 


Va2 


11 If 

^al^a2> 


II 2 

Va2 


Tsa{a,b,u) = 


{Val 


Va2 


// / 

^al^a2> 


1 2 

Va2 


Ti„{a,b,u) = 


{Val 


Va2 


ValVa2^ 


1 2 

Va2 


T5^{a,b,u) = 


{Val 


Va2 


v'aWa2. 


1 2 


TQ^{a,b,u) = 


(Val 


Va2 


<1<2> 




T7^{a,b,u) = 


(Val 


Va2 


<1<2, 




Tsaia,b,u) = 


{Val 


Va2, 


v'alV'a2. 





and denote by T the set of all these ideals. 
Set 



liia{a,b, u) 





<2 




















<2 







Wa2 











<2 


<2 












-<2 












v 










Wa2<2 





) 



and 



/ 


v'a2Wa2 


-v'a2Wal 


-v'^lWal 


-Va2Wal 





\ 













-V"a2^a2 








KlWa2 


-v'l^iWal 


Wa2v"2 





-<2 















~v"^\Wa\ 


^^2 




V 




Va2 


<2<1 


n 2 
Va2 





/ 



i'ia{a,b, u) 



The pair of the matrices above forms the matrix factorization of fi|j(Tio.(a, 6, «)/(/)). 
By permutations of w^i; ^^i; ^^2; ^^2 one can find easily the matrix factorization for the 
2-syzygy of the other ideals of T. 

Lemma 5.1. Let M be a graded non-orientable, rank two, 5-generated MCM R-module, 

without free direct summands. Then there exists an ideal J E J UT such that f & J 
and M = Q?{j/{f)). Conversely, for every J G J U T , the module is a 

non-orientable, rank two, 5-generated MCM R-module without free direct summands. 
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Proof. The second statement follows easily since we have already the matrix factorizations 
above of those ideals. Let M be as above. As in the beginning of Section 4 we see that 
M = n^{j/{f)), for J an ideal of S containing /, with /i(J) = 4, dim S/J = 2, depth 
S/J=l and ^(flg{J)) = 5. We may also suppose J = (ai, 0:2, as, 04) with / G (0:1,02), 
where at is necessarily either w^t or v^t for t = 1,2 for some a, b and a certain permutation 
a as above. Clearly we cannot have simultaneously at = Wat because then (01,02) is a 
prime ideal and one cannot find 03, 04 zero divisors as we need. We treat the following 
cases: 

Case I: oi = Wo-i 

Then we have 02 = fo-2 and (01,02) is the intersection of the prime ideals (f^25 ""^o-i), 
{v"2,Wai). Since 03,04 must be zero divisors in 5/(03,04) we have the following possi- 
bilities: 

(II) 03 = v'^2(^, 04 = <27, (12) as = <2/^, «4 = <27, (13) 03 = v'^^f^, 04 = v'^^l, (14) 

for some homogeneous /5,7 from m = (xi, 0:2, 0:3, X4). In the first case we see that the 
relations given by the columns of the following matrix: 





Va2 


03 


04 








\ 












7 


/3 





















V 















/ 



are elements in ^^^(J) C S'^. Clearly these columns are part in the minimal system of 
generators of ^^^(J) because Wai,v'^2 form a regular system in S. The subcase (12) is 
similar, this contradicts Lemma (4. 21 

Suppose now (13) holds. Then the relations given by the columns of the following matrix 





Va2 


<2/5 


<2/5 








\ 












p 


7 














-<2 







v 













-<2 


/ 



are part of a minimal set of generators of ^si-^) (iiote that Wai,v'^2y'^'a2 iorm a regular 
system in S). Contradiction! Case (14) is similar. 

Case II: oi = v^-i, 02 = v„2 

Since (oi, 02) = ("^^15 "^^2) ^ ("^ai? "^"2) ^ ("^"i) "^"2) ^ ("^"i) "^^2) see that the zero divisors 
of S'/(oi,02) must be in one of the prime ideals of the above decomposition. Suppose 
03 G (f^i,f^2)- If '^3 = Pi'^'ai + P2v'(j2 then as in the proof of Case III of Proposition 
14.41 we see that there are at least 4 minimal relations between first three o. Then all o 
have at least 5 minimal relations. Contradiction! Thus 03 as well 04 are multiples of one 
v'^ti'^'af So we have the following possibilities: 
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(Ill) 03 = v'^^f3, a4 = v^i7, (112) Q!3 

(114) aa = <2/3, = <27 (US) eta 

(117) 03 = v'^2p,a4, = -y^iT (118) as 
(II10)«3 = <i/?,a4 = <27- 



/3, 0:4 = <i7 (116) aa 
f:.9/3,Q;4 = f"27 (119) 0(3 



<2/5, q;4 



^ <27 



<i/3,q;4 = <27 



Subcase: = v^^/?, = <i7, (^^^2^1,7) = 1, {Va2v'^i, = 1 
We see that the relations given by the columns of the following matrix 





Va2 




7 





\ 




-Val 








as 


a4 







-<1 





-Va2 













-<1 





-^^a2 / 



are part from a minimal system of generators of ^^si"^) which must be false. Indeed, 
it is easy to see that the last 4 columns are part in a minimal system of generators of 
flg{J). If the first cohimn belongs to the module generated by the last four then there 
exist Ai, A2, Aa, A4 e S such that: 

Va2 = Ai/3 + A27, 

-v^i = Aa<i/3 + A4<i7, 

= ^iKl + ^3Va2, 

= A2^;^i + A4t;^2- 

It follows that Vcr2\^i and i'o-2|A2 and so we get 1 e (/?, 7). Contradiction! If {vcr2v'li:P) ^ 1 
then we are in the subcase (115), (116), In the same way we treat (112), (113), (114). 

Subcase: as = v'^iP, a^ = v'^^'y 

We see that the relations given by the columns of the following matrix 



/ 


Va2 


/5 


7 





\ 




-Val 








as 


a/i 







-<1 





-Va2 





V 








-<1 





-Va2 / 



are elements in fi^(J). The columns 2,3 together with the last two columns divided 
by (/3,t>o-2), respectively (7,^0-2) are part of a minimal system of generators. Since 
n{ils{J)) = 4 we see that the first column is a linear combination of the others as 
above. Thus there exist Ai, A2, Aa, A4 e 5" such that: 

Va2 = Ai/3 + A27, 

-Val = )^3v'ai/3/ {13, V„2) + A4<i7/ (7, V„2), 
= AiV^i + \sVa2/{(3,V„2), 
= A2f^i + A4t'a2/(7,^^<T2)- 
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It follows that Vcr2/ {P-iVa2)\^i and ^0-2/(7, 'i'(72)|A2 and so we get 1 G (/5,7) which is false 
as above if {P,Va2) — 1, (7, ■^^0-2) — 1- Clearly /3,7 cannot be multiples of Va2 because 
otherwise J is only 3 generated. Thus we may suppose for example /3 = 

Then J — {vai, Va2, v'^iv'^^i, v'^i'y) and the matrix factorizations of ^ji{J/{f)) is given by 
the following matrices A, B: 








-7 


-<2 



















Wa2 








-K2 





<1 























Va2 




[ 





-Wa2 










J 



( 



B 



V 







Vcr2 





-Wa2v'^2 





<i7 


\ 
















1<2 




<1<2 












Wa2 




/ 



We may add to 7 multiples of v'^i because this means to add to 04 multiples of Vai- Also 
adding multiples of the column 4 of A to the column 2 and then adding multiples of the 
row 5 to the row 2 we see that the result is just the addition of some multiples of w^i to 
7. On the other hand adding some multiples of the row 5 to the row 1 and then adding 
some multiples of the column 4 to the column 5 we see that the result is just the addition 
of some multiples of Wcr2 to 7. 

So, after some elementary transformations on A, we may suppose 7 to be a polynomial 
in v"2 and it is enough to see that deg(7) = 1. However adding to 04 multiples of 0:2 we 
may add to 7 multiples of Va2- Since v'^ G {va2,Wa2) we may suppose deg(7) = 1, that 
is 7 = qv"2 ^ certain nonzero constant q. Now we multiply the row 1 of A with a 
then the columns 3,4 with q, then rows 2,3 with q"^ and finally the column 1 with q. So 
we reduce to the case q = I. 

Thus J = Jicr{a,b,u). If we take P = v'^2 then similarly we get J = J2aici,b,u). If 
(7; ^0-2) ^ 1 we get similarly J = J2a{(i, b,u), J = JiaiO', b, u). 
Subcase 03 = v'^^P, = v'^2l 

We see that the relations given by the columns of the following matrix 





Va2 


p 


<27 








\ 




-Val 








as 


7 









-<1 





-Va2 















-Val 





-V'a2 


J 



are elements in ^^^(J). As in the above subcase the columns 2,5 together with the 
columns 3,4 divided by (7, Vcr2), respectively Va2), form a minimal system of generators 
in flg(J). Thus the first column is a linear combinations of the others and there exist 
'^i) ^^2, A3, A4 G 5* such that: 

Va2 = Ai/? + A2<i7/(7, Val), 
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-Val ^ X3v'„iP/{P,Va2) + A47, 
= Xiv"^ + \3Va2/ iP, Va2), 
= \2Val/ (7, Val) + KK2- 

It follows v'^2\^2 and from the first identity we see that we get fo-2|Ai/3. If Ai = then 
A3 = and so "ylv^i. If 7 is a multiple of v'^^ then we are in the preceding subcase. If 
7 is a multiple of v'^^ we change with a4 and so we may suppose the new /3 to be a 
multiple of ^"2- This is exactly one possibility which follows from Ai 7^ which we treat 
now. From first identity we see that deg(Ai/9) = 2 and so either f3 = or f3 = 
The first situation lead us to the proceeding subcase, that is J e JT". So we may suppose 

Thus we reduce to the case J = (fo-i, '1^0-2, v'^iv'a2-i '^a2l)- Adding to 7 multiples of v'^-^, v'^2 
this means to add some multiples of 03, 02 wc may suppose that 7 G {v"i,v'l2)- As 
before deg(a;4) = 1 because for instance {a2,a3) contains v"2{VaijV'^2)'^- Then 7 = 
Tiv"^ + T2v'^2 some ri,r2 € K. Then another relation of ^\{J) is the transpose 
of (rif^2) 0) '^'iv'^2-: ~v'ai)- If Ti 7^ then this relation together with the last 4 columns of 
the previous matrix (some of them divided by something) form 5 elements from a minimal 
system of generators of ^\{J). Contradiction! Thus ti = and J & T . 
With similar procedures we treat the other cases. □ 



Set 



f 


Wal 


-<2 


Xj 







Wa2 








-X3K1 


-<2 





<1 



















Va2 


^ 








-Wa2 





( 



LUa{a,b,u) 



-Wa2Vai 

Val 
-Wa2v"a2 






WalV'al 
Va2 
-WalV"a2 






Wa2Va2 
il^ 



vL, v' 



-'ct2 
WalV'al 






XjV. 



WalV'li 
Wa2 



XjV 



II 

al 



XjV 



0-2 



-Va2 
<1 





/ 





Wal 


<2 





\ 








Wa2 








Xj 






<2 





-<1 


Xj 


















-V'al 


-V'a2 




V 











Wa2Va2 


-ValWal I 



Uaia, b, u) = 



/ VaiWa2 
Val 

Va2Wa2 



\ 








-v'aiWal 

Va2 
-Va2Wal 







Va2Wa2 

<2<1 
-v'aiWal 









^jVa2 

-XjWal 

-ValWal 
-V"a2^a2 



Xj 





<2 
-v'al 



and 
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1/7^9 
Z 



























-V' r, 
















-<2 


















Va2 



iyJa,b,u) 



Val ^^^l<2 XsV'^i 

-<lW^<72 -<2^<t2 -XsW„2 

-t;;2^.2 <l 

-<2 / 



V 








Theorem 5.2. Let 

£^ = {Coker (po-(a, 6, u)), Coker (/^^-(a, 6, n)) , Coker (/io-(a, 6, u)) | a,a,b,u} 

(i) The sets contains only indecomposable, graded, non-orientable, 5-generated MCM 
R-modules of rank 2. 

(ii) Every indecomposable, graded, non-orientable, 5-generated MCM module over R of 
rank 2 is isomorphic with one module of S. 

(Hi) All the modules of the set £ are non-isomorphic. In particular, there are 162 
isomorphism classes of indecomposable, graded, non-orientable MCM modules over 
R of rank two, with 5 generators. 

Proof. (i).The pairs of matrices {pcr{a,b,u),ujcr{a,b,u)) and {fj,a{0',b,u),h'a{(i,b,u)) have 
been obtained from the pairs (pio-(a, b, u),uji„{a, b,u)), respectively (/iio-(a, b, u), P\a{a, b, u)) 
by elementary operations on rows and columns. The pair {p,ia^{a,b,u),i?icr{a,b,u)) is a 
matrix factorization corresponding to Q'j^{Tr,„{a,b,u)). By the above Lemma, the set S 
satisfies the part (i) of the theorem. For the proof of indecomposability we may proceed 
as in the last part of the proof of Theorem IH.2I 
(ii). Preserving the notations of Lemma f5.H set 



and 

for 1 < i < 8. We claim that 
and 



Ji = {Jia{a, b, u) I cr, a, 6, m}, z = 1, 2 
% = {Ti^{a, 6, u) I a, a, 6, m}, 



iTl — 1^2) 



% — % — "^7 — %■ 

Indeed, take, for instance, J2a{cL,b,u) = {vai,Va2,v'„iv"2y'^ai'^a2) ^ i72-Then we may find 
v'^i,v'^2j^aiy^a2y depending on some other cubic roots of —1, let us say n,p, and v, a 
cubic root of unity different from 1, such that 

J2aia,b,u) = Ji^{n,p,v) = {v^i,V„2,KlK2,KlK2)- 
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{iii).ln order to check that the modules of the hst are pairwise non-isomorphic, we have 
to prove that the matrices of the set 

S' = {p^{a,b,u),fi^{a,b,u),Ji„{a,b,u)\\ a,a,b,u} 

are pairwise non-equivalent. As in the proof of Theorem 14 ■4[ if A,B G S' are two 
equivalent matrices, then the matrices A and B, obtained by reducing the entries of A, 
respectively B, modulo m^, are also equivalent by some scalar and invertible matrices. We 
observe that the "reduced" matrix p„{a,b,u) has the entries of the last column zero and 
the matrices flcr{a,b,u), ficr{0',b,u) have the entries of the last row zero. If pcr{a,b,u) ~ 
jlrin, p, v), for some a, a, b, u, r, n, p, v, then there exist some invertible scalar 5x5 matrices 
U, V such that 

U ■ p„{a,b,u) = pr{n,p,v) ■ V. 

Looking at the last column in this equality, we obtain that V must have the last column 
zero, contradiction. In the same way we obtain that Pa^{a,b,u) 7^ /i,-(n,p, f ). 
Let us suppose now that p^{a,b,u) ~ p.rin,p,v), for some a,a,b,u,T,n,p,v, and let 
U,V E Ai^xsiK) invertible such that 

Pa{cL, b,u) ■ U = V ■ pr{n,p, v) . 

We compare the entries of the fourth column in the above equality. Let t = {e f t). For 
t G {hj}, which implies cr 7^ r, we obtain that all the entries of the fourth column in 
U are zero, contradicting U invertible. If t {hj}y which implies a = t and t = s, we 
obtain that all the entries of the third column in V are zero, contradiction. 
In the same way we may prove that if Po-{a,b,u) ~ Pr{n,p,v) or pa-{cL,b,u) ~ Prin^p.v) 
or p„{a,b,u) ~ Pr{n,p,v), then {a,a,b,u) = {T,n,p,v). □ 

Corollary 5.3. Let 

JF = {Coker(co'o-(a, ^i)) , Coker (z/o-(a, 6, m)) , Coker(z/o-(a, 6, u)) \ a,a,b,u} 

(i) The set contains only indecomposable, graded, non-orientable, 5-generated MCM 
R-modules of rank 3. 

(ii) Every indecomposable, graded, non-orientable, ^-generated MCM module over R of 
rank 3 is isomorphic with one module of JF. 

(Hi) All the modules of the set T are non-isomorphic. In particular, there are 162 
isomorphism classes of indecomposable, graded, non-orientable MCM modules over 
R of rank three, with 5 generators. 

Proof. The map M Q]^{M) is a bijection between the 5-generated, indecomposable, 
graded, MCM i?-modules of rank 2 and the 5-generated, indecomposable, graded, MCM 
i?-modules of rank 3. □ 

Lemma 5.4. There exist no graded, indecomposable, non-orientable, rank two, six- 
generated MCM modules. 
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Proof. Suppose there exist such MCM module M. Then M = for a certain 

5-generated ideal J = (ai, 0^2, as, 0:4, 0:5) of S as hinted at in the first part of Section 4. 
Then any 4 elements from the at must generate an ideal J" in U T because otherwise 
J"/(/)) > 4 and so obvious J/(/)) > 5. So we may suppose at = v„t for 

t = 1,2 and after some permutations 03 = f^if^g- Set J' = {ai,a2,a3). If (J', 0^4) G 
then (J', 0(5) ^ JT" because otherwise we get 04 = a^. Thus (J', 0:5) G T and so either 
0:5 = = '^ai- But then (ai, a2, 04, ^5) ^ J" U T. If (J', ^4) ^ J" and (J', as) ^ J" 

then (J', 04), (J', as) G T and so 04 = '^5 = "^cti conversely. But then 

(«!, a2, ^4, a^) ^ jUT. □ 

Corollary 5.5. There exist no indecomposable, graded, non-orientable, rank 4, 6-generated 
MCM modules. 



6 Orientable, rank 2, 6— generated MCM modules 

Let S = K[xi,X2, X3, X4], and R = S/ (/), f = xf + x^ + xl + 

We have proved that a non-free graded orientable six-generated MCM i?-module corre- 
sponds to a skew symmetric homogeneous matrix over S of order 6, whose determinant 
is p. 

Let A be such a matrix. Notice that A has linear entries and the matrix A := A.\x^=o, 
obtained from A by restricting the entries to X4 = 0, is a homogeneous matrix over 
5*3 = K[xi,X2, X3], whose determinant is /|, where f3 = xl + xl + x^. Therefore, CokerA 
defines a graded rank two, six-generated MCM over R3 = Ss/{fs). These modules were 
explicitly described in |LPPj . 

Lemma 6.1. Let M be a non-free graded orientable six-generated MCM module over R. 
Then the restriction of M to the curve defined by f = X4 = splits into a direct sum of 
a 3 — generated MCM of rank 1 and its dual. Especially, there exists X G Vi^f^) \ {-Po} 
and a skew symmetric matrix T G M.^x&{K), such that M is the cokernel of a map given 

by the matrix K = x^-T + {^^^ ""^^ ^ . 

(The same notations as in ILPPf and in "Preliminaries" . ) 

Proof. Let Ai be a skew symmetric homogeneous matrix over S, corresponding to M, 
and denote Ai = Ai\x^=o. Suppose that the MCM S'3-module corresponding to Ai is 
indecomposable. Then we can generate it as described in Theorem 4.2 and Lemma 5.4 
from |LPPj . Denote with D the matrix which we obtain by this means. 

Since D ~ Ai, and Ai is skew symmetric, there exist two invertible matrices U,V E 
Mey^eiK) su"ch that iT- D ■ V + {U ■ D ■ Vf = 0. Therefore, there exists T G Mey,e{K) 
an invertible matrix such that T -0 + {TDf = 0. (Take T = (V"*)"^ ■ U.) 

With the help of Singular, we find that, in fact, there is no invertible matrix T such that 
T ■ D is skew symmetric. Therefore, the module corresponding to Ai should decompose. 

//First, we generate the matrix D 
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LIB"matrix.lib" ; option (redSB) ; proc reflexivHull (matrix M) { 
module N=mres (transpose (M) ,3) [3] ; 
N=prune (transpose (N)) ; 
return (matrix (N) ) ; 

} 

proc tensorCM (matrix Phi, matrix Psi) { 
int s=nrows(Phi) ; 
int q=nrows(Psi) ; 
matrix A=tensor (unitmat (s) ,Psi) ; 
matrix B=tensor (Phi , unitmat (q) ) ; 
matrix R=concat (A,B,U) ; 
return (reflexivHull (R) ) ; 

} 

proc M2 (ideal I) { 

matrix A=syz (transpose (mres (I , 3) [3] ) ) ; 
return (transpose (A) ) ; 

} 

ring R=0, (x(l. .3)) , (c,dp) ; qring S=std(x(l) ~3+x(2) '•3+x(3) "3) ; 
ideal I=maxideal(l) ; matrix C=M2(I); 

ring Rl=(0,a) , (x(l. .3) ,e,b) ,lp; ideal I=x(l) ~3+x(2) ~3+x(3) ~3, 

(a-1) "3+b3+l , e*b+a2-3*a+3 , e*a-b2 ; 
qring Sl=std(I) ; 

matrix B [3] [3] = 0, x(l)-(a-l)*x(3) , x(2)-b*x(3), 

x(l)+x(3), -x(2)-x(3)*b, -x(3)*e, 

x(2), x(3)*e, -x(l)+(-a+2)*x(3) ; 

matrix C=imap(S,C); matrix D=tensorCM(C,B) ; 

//We check the existence of the invert ible matrix T 

ring R2=0, (x(l. .3) ,a,e,b,t(l. .36)) ,dp; ideal 

I=x(l) "3+x(2) ~3+x(3) "3 , (a-1) "3+b3+l , e*b+a2-3*a+3,e*a-b2 ; qring 
S2=std(I); matrix D=imap(Sl ,D) ; matrix T[6] [6]=t(l. .36) ; matrix 
A=T*D+transpose(T*D) ; ideal I=f latten(A) ; ideal 
Il=transpose(coeff s(I,x(l))) [2] ; ideal 
I2=transpose(coeffs(I,x(2))) [2] ; ideal 

I3=transpose(coeffs(I,x(3))) [2] ; ideal J=Il+I2+I3+ideal(det(T)-l) ; 
ideal L=std(J) ; 
L; 

L[l]=l 
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//Therefore, there does not exist an invertible matrix T such that T-D skew 
symmetric . 

So, after some linear transformations, Ai decomposes into two matrices of order three 
and rank one with determinant /a = + X2 + xf^, which correspond to two points Ai, A2 
in ^^(/s) \ {Pq}: Pq — [—1 : : 1]. Let us denote them by A and B. We can consider 

A = «Ai, B = ax2- 

Since Ai is skew symmetric, there exists an invertible matrix U G Ai^xeiK) such that 
^ ■ ( B ) skew symmetric. Therefore, if we consider U = {ulul)^^^ have the following 
equalities: 

Ui-A + {Ui- AY = 
B + lu^-BY = 
B+ A^-m =0 




A+ B^-m = 



\3 

So Ui ■ «Ai and U4 ■ ax,^ are skew symmetric, so they have only zeros on the main diagonal. 
Since the entries of the second and third line and column of q;ai and 0:^2 are linearly 
independent, we easily obtain that Ui — U4 — 0. Therefore, U2 and C/3 are invertible 
matrices and B — —U2^ ■ A* ■ U^. 

We have obtained Ai ~ ^ ) ~ ( ~°o^ ) ■ 

Therefore, there exists T G AiQ^eiK) skew symmetric and A G Vlf^) \ {Pq} such that 
Ai ~ A = X4 ■ r + ( ^° ) . We can write T = ( ) , G Msxs{K) ,t = 1,2,3, T, 
and Fa skew symmetric. □ 

Remark 6.2 (Notation). For any A = [a : 6 : c] G Vlf^) \ {Po} there exists a unique point 
in V{fs) \ {-Po} which we denote as A*, such that a\ ~ axt. We find A* = [c : 6 : a].^ 

For A = [a : 6 : 1] we denote with Ux and two invertible matrices such that Ux ■ a\ — 
axt ■ Vx- 

( 62 -(a+l)2\ 

If a 7^ 0, then we can take Ux = -(a+i)^ 6^ -6(a+i) and Vx = V\. 

\ 6(a+l) {a+l)2 62 / 

/ -62 -6 1 \ / 1 -26 262 \ 

If a = 0, then we can take Ux = -26 1 62 and Vx — \ -b -b"^ -1 

V 262 26 1 y \-b -b'^ 2 J 

Notice that for A = [1 : 6 : 1] G Vifs), A* = A and for all other A G ^(/s) \ {Po}, 
A ^ A*. □ 

Remark 6.3. For any A = [1 : 6 : 0] G ^(/s) \ {Po} and any A = 0:4 ■ F + (^^^ '"^^ 
skew symmetric with detA = p, we have A* = [0 : b : 1] in y(/3) \ {Pq} and A' = 
X4F' + ^ ^ ^ ~ j skew symmetric with det A' = p such that A ~ A'. 

Indeed, take A' = [/ • A • [/* where U = ^')' ^1 = ^ ( V J "f ) " 



%/3 



-16 6 
i= I 2 62 62 

262 _2 



^If A corresponds to the 3-generated rank 1 MCM A'', then A* corresponds to its dual A''^. 
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Therefore, Coker A and Coker A' define two isomorphic MCM modules. This is the reason 
why, from now on, we may only consider the case A = [a : 6 : 1] G V^f^) \ {Pq}- □ 

Remark 6.4. Consider X = [a : b : 1] e Vifs) \ {Pq} and A = ■ T + (^°^ ""^^ j as in 
Lemma f6. II Then there exists A = X4 ■ F + "0^ j with det A = such that A ~ A. 

Indeed, consider A = ( ) • A ■ (^^^ y^i j . 

W« obtain r=(_^[.^^^ ° 

Lemma 6.5. Consider A = X4 ■ T + (^^^ "0^) o,bove. Then the MCM module M 
corresponding to A is indecomposable if and only ifVi^Q or 7^ 0. 

Proof. Suppose M is indecomposable. If Fi = Fa = 0, then ( )-A = 
so A decomposes after some linear transformation. 

This contradicts the indecomposability of M = Coker A, so we must have Fi 7^ or 
Fa 7^0. 

Now, let us suppose Fi 7^ or F3 7^ and prove that M is indecomposable. 

Suppose M decomposes. Then there exists a matrix {^^ equivalent to A with Ti,T2 
two matrices of order three and rank one, with detTi = detT2 = / and Ti 1^.^=0 = Q^Ai, 
T2\xi=o = "Aa, where Ai, A2 G V^fs) \ {Pq}- 

Since A is skew symmetric, after some linear transformations, ^"g^ j should also 

become skew symmetric. As we saw in the proof of Lemma 16.11 this gives ~ ' 
A2 = A^^. 

Using Remark (6. H| there exist U,V E M-Qy^^^K) invertible matrices such that U ■ A-V = 



a 



Therefore, 



U-{ 1 = ( "^^1 " ) .y-i (i: 



"Ai 








"a* 


iVi 








N2 



"■[-ulv. - To' A^J 

Let us consider ?7 = ( g ) and V-^ = with t/„ Vi e M^^^{K), % = M. 

The first system of equations gives: 

= ftAi ■ Vi 

= "Ai ■ V2 
= "A* ■ V3 
= «A* ■ Va 

By comparing the coefficients of Xi,X2,Xs on the left-hand side and right-hand side of 
the above equalities, we obtain easily: 

Ui = Vi = Ki- Ida with Ki e K, i = T^. 
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Moreover, if A 7^ Ai, then Ki = = and if A 7^ A^, then K2 = K3 = 0. Since U is 
invertible, we have A = Ai or A = A*. 

We know that ax-^ = Ti|^^=o where Ti is a matrix of order three over S = K[xi,X2,X3, 0:4] 
of rank one and with determinant /. So Coker Ti is a graded three-generated rank 
one MCM i?-module. In jEPI . all the isomorphism classes of such modules are given 
exphcitly. We obtain ax^ ~ a\x4=o or ax^ ~ a^\xi=o or ~ v\xi=o or ax^ ~ i^\x4=o- 

With the help of computers, we obtain that none of the above matrices is equivalent to 
a[i:£:i], therefore, Ai X\. 

LIB"matrix. lib" ; option (redSB) ; 

ring r=0, (x(l. .3) ,l,a,b,c,d,e,v(l. .9) ,u(l. .9)) ,dp; ideal 
I=x(l)-3+x(2)-3+x(3)"3, 
1-3+2, 

a3+l ,b3+l , c3+l ,d3+l , e2+e+l ,bcd-e*a; 
qring s=std(I) ; 

proc isomorf (matrix X, matrix Y) 
matrix U[3] [3]=u(l. .9) ; 
matrix V[3] [3]=v(l. .9) ; 
matrix C=U*X-Y*V; 
ideal l=f latten(C) ; 

ideal ll=transpose(coef f s (I ,x(l) ) ) [2] ; 
ideal 12=transpose(coef f s (I ,x(2) ) ) [2] ; 
ideal 13=transpose(coeffs(I,x(3))) [2] ; 
ideal J=ll+I2+13+ideal(det(U)-l,det(V)-l) ; 
ideal L=std(J) ; 
L; 



matrix A [3] [3] =0, x(l)-x(3), x(2)-l*x(3), 
x(l)+x(3), -x(2)-l*x(3) , -l/2*l-2*x(3) , 
x(2), l/2*l~2*x(3), -x(l); 

//This is the matrix corresponding to the point (1:1:1) 

//We now write the matrices corresponding to the rank one three- 
generated MCM modules, restricted to x(4)=0 



matrix alpha [3] [3] =0, x(l) , -x(3)*b+x(2) , 

-x(2)*c+x(l), -x(3)*b-2, x(3)*b-2*c-2, 

x(3), x(3)*b*c-2+x(2)*c"2, -x(2)*c-x(l); 
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matrix alphat=transpose (alpha) ; 



matrix eta[3] [3]=0,x(l)+x(2) , x(3), 
x(l)+e*x(2), -x(3), 0, 
x(3), 0,-x(l)-e"2*x(2) ; 



matrix nu[3] [3]=0,x(l)+x(3) , x(2), 
x(l)-a~2*b*x(3) , -x(2), 0, 
x(2), 0,-x(l)+a*b"2*x(3) ; 

isomorf (alpha, A) ; L[l]=l isomorf (alphat,A) ; L[l]=l isomorf (eta, A) ; 
L[l]=l isomorf (teta, A) ; L[l]=l 

// Therefore none is isomorphic to Q;[i:f:i] and this means Ai 7^ A*. 

If A = Ai 7^ A^ as a solution of the system (1), we obtain: U = V = (^g^'^ kI-u) ' -^1 ' 

7^4 7^0. 



Replacing U and V in (2), we obtain: 



Since Ki 0, K4 ^ and Ux, Vx are invertible matrices, we obtain Fi = Fa = 0, which 
is a contradiction to our hypothesis. 

If A = A*i ^ A, we obtain as a solution of (1): U = V = { ^"j^ '^o^'^ ) , ■ i^s 7^ 0. 

Replacing f/ and \^ in (2), we obtain: J ^ a 1 Therefore, we must have again 

\Ks-Ts-Vx = 0. 

Fi = F3 = 0. □ 

For each A = [a : b : 1] G V^(/3) \{Po}; we define a family of skew symmetric homogeneous 
indecomposable matrices of order six over 5* = K[xi,X2,X3, X4] with determinant /^: 

Mx := {A(A,r) = X4 ■ F+ ( '^'^ ) , det A(,,r) = /^ 

r = ^ ^ , Fi, F3 skew symmetric, Fi 7^ or F3 7^ o| . 

Notice that, as in the proof of Lemma l675| if A(A,r) ~ A(A',r'); then A' = A or A' = A*. 
Lemma 6.6. Let \ = [a : b : 1] E V{f3) \ {Pq} with a 7^ 1. 

(1) Inside the family Aix, two matrices, A and A', are equivalent if and only if there 
exists k G K* such that A' = Uk ■ A ■ U^, Uk = (^^(f Ir'id) ■ This condition means: 

F'2 = F2 

f; = e-T, 

= p- ■ F3. 
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(2) A matrix A from Aix is equivalent to a matrix A' from Aiy , A' 7^ A if and only if 
X' =[l:b:a] and A' = Uk ■ A ■ U^, where k e K* and Uk = ( _ 1° 



k-U'^ 
'-Ux 



Proof. We assume a 7^ 0. The case a = is treated similarly. Two matrices, A = A(A,r) 
and A' = A(^x',r'), are equivalent if and only if A and A' are equivalent (see Remark 16 .41) . 

If U and V are two invertible matrices such that U ■ A = A' -V, as in the proof of Lemma 
16. 5| we obtain 

[/ = V = ( ! J 1 with = = if A ^ A' and 

\ A3 id A4 id J 

K2 = Ks = Oii \' ^ \K 

Since U ■ A = A ■ l^, we have: 

Id\"^ _ / Id \ . / Id \ /Id ' 



(1) If A = A' then A' ^ A*, so U = {^'J"^ with ^ 0, ^ 0. So (*) implies: 
( ^^o^'^ ) ■ A • ( ^o'^°M ) = A'. For A; = and U, = ( ) we have 
A' = f/fc ■ A ■ f/*. 

(2) If A' = A* then X' ^ X, so U = (^^j^ ^f,^'^), ^ 0, iTg ^ 0. Replacing U in (*) we 
obtain: 



Since a ^ and a ^ 1, = A* = [i : i : 1], [/a* = ^ ■ ^/a, V^,* = ^f/* (see 
Remark 16.21) . 



where /c^ = — ■ 



□ 



In a similar way, we can prove the following lemma: 
Lemma 6.7. Let X = [1 : b : 1] e V^(/3) \ {Pq}- 

(1) Inside the family A4x, two matrices A and A' are equivalent if and only if A' = 
T ■ A ■ T*, where 

^ = ( ^K^^U^ ~kI ■ Id ' ) ' ^4 e snc/i that KiKi-K2Ks = 1 , 

(2) No X G V^(/3) \ {Pq, [1:6:1]} exists, such that a matrix from Aix is equivalent to 
a matrix from Ai\i:b:i]- 
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Now let us see "how large" the family Mxis for a given A in \^(/3) \ {Pq}- 
For A = A(A,r) in A^a, we denote: 





-02 




dj Clg dg 
fllO Oil ai2 I , 

ai3 ai4 ai5 



04 as 
-04 fle 
-as — 



The condition det A = provides 10 equations in the above 15 parameters. Six of these 
equations are linear in the entries of r2 and form a linear system of dimension three. 

(1) If 6 = the solution of this system is: 

'07 = -ai2 • (a^ + 1) 

08 = Oio = Ois = 

Og = Oil — ai3 

2 

,Ql4 — Q ■ ^12 ■ 



(2) U b ^ 0, the system has the following solution: 



Og = 



g-l „ a? 



= b{a+l) ■ ^7 + flu + ^ ■ fll5 

_ 2(l-a) b I a-1 

,"14 - (^+1)2 ■ a? - ^ ■ an + ■ Ois ■ 



The other four equations are linear in the entries of Fi with coefficients in K[ai, . . . , ais] 
and have dimension five: 



LIB"matrix . lib" ; option(redSB) ; 



ring r=0, (x(4) ,x(l) ,x(2) ,x(3) ,e,a,b,a(l. .15)) ,dp; ideal 
ii=a3-i-b3+l,e*b-i-a2-a-i-l,e*a-i-e-b2; qring s=std(ii) ; 

matrix B [10] [1] ; B [1 , 1] =x(4)*a(l) ; B [2, 1] =x(4) *a(2) ; 
B[3,l]=-x(4)*a(7) ; B [4 , 1] =-x(4) *a(10) - (x(l) +x(3) ) ; 
B[5,l]=x(4)*a(3) ; B [6, 1] =-x(4)*a(8)-(x(l) -a*x(3) ) ; 
B[7,l]=-x(4)*a(ll)-i-x(2)-i-b*x(3); B[8,l]=-x(4)*a(9)-x(2)-i-b*x(3) ; 
B[9,l]=-x(4)*a(12)-i-e*x(3) ; B [10, l]=x(4)*a(4) ; 



matrix V[l][5]; V[l,l]=-x(4)*a(13)-x(2) ; 
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V[l,2]=-x(4)*a(14)-e*x(3) ; V[l,3]=-x(4)*a(15)+x(l)+(a-l)*x(3) ; 
V[l,4]=x(4)*a(5) ; V[l,5]=x(4)*a(6) ; 

poly pl=B [5 , 1] *B [10 , 1] -B [6 , 1] *B [9 , 1] +B [7 , 1] *B [8,1]; poly 
p2=B [2 , 1] *B [10 , 1] -B [3 , 1] *B [9 , 1] +B [4 , 1] *B [8 , 1] ; poly 
p3=B [1 , 1] *B [10 , 1] -B [3 , 1] *B [7 , 1] +B [4 , 1] *B [6 , 1] ; poly 
p4=B [1 , 1] *B [9 , 1] -B [2 , 1] *B [7 , 1] +B [4 , 1] *B [5,1]; poly 
p5=B [1 , 1] *B [8 , 1] -B [2 , 1] *B [6 , 1] +B [3 , 1] *B [5,1]; 

poly g=V [1 , 1] *pl-V [1,2] *p2+V [1,3] *p3-V [1 , 4] *p4+V [1 , 5] *p5 ; poly 
f =x (4) ~3+x ( 1 ) ~3+x (2) ~3+x (3) ^3 ; g=g-f ; 

//For our skew symmetric matrix the condition g=f is equivalent to 
//detA = p. 

matrix H=coef (g,x(4)*x(l)*x(2)*x(3)) ; for(int j=l; j<=13; j++) 
H[l,j]=0; 

ideal I=H; I=interred(I) ; 

I[l]=a(9)-a(ll)+a(13) I [2]=a(8)+a(10)-a(15) I [3] =a(7)+a(12)+a(14) 
I[4]=a*a(10)-e*a(ll)+b*a(12)+2*e*a(13)+2*b*a(14)-2*a*a(15)+a(10)+a(15) 

I [5] =2*e*a(10)+2*b*a(ll)-2*a*a(12)-b*a(13)-a*a(14)-e*a(15)+a(12)+2*a(14) 

I [6] =a(3)*a(4)-a(2)*a(5)+a(l)*a(6)+a(ll)"2+a(10)*a(12)-a(ll)*a(13)+a(13)-2 
-a(10)*a(14)-2*a(12)*a(15)-a(14)*a(15) 

I [7] =a(l)*a(4)+a(3)*a(5)H-a(2)*a(6)-a(10)"2+a(ll)*a(12)+a(12)*a(13)+2*a(ll) 
*a(14)-a(13)*a(14)+a(10)*a(15)-a(15)~2 

I[8]=2*e''2*a(12)+2*a*b*a(12)-3*b"2*a(13)+2*e~2*a(14)-a*b*a(14)-3*e*b*a(15) 
-6*e*a(ll)-b*a(12)+12*e*a(13)+2*b*a(14)-6*a*a(15) 

1[9] =a(3)*a(5)*a(10)-a(2)*a(6)*a(10)-a(2)*a(5)*a(ll)-a(l)*a(6)*a(ll)+a(l) 
*a(5)*a(12)+a(3)*a(6)*a(12)-a(2)*a(5)*a(13)+2*a(l)*a(6)*a(13)+a(13)~3 
+a(2)*a(4)*a(14)+a(3)*a(6)*a(14)+a(10)*a(ll)*a(14)+a(12)^2*a(14)-2 
*a(10)*a(13)*a(14)+a(12)*a(14)~2+a(3)*a(5)*a(15)+2*a(2)*a(6)*a(15) 
+a(ll)*a(14)*a(15)-2*a(13)*a(14)*a(15)-a(15)"3-l 

I [10] =2*e*a(2)*a(4)-2*e*a(l)*a(5)+2*b*a(2)*a(5)-2*a*a(3)*a(5)+2*b*a(l)*a(6) 
-4*a*a(2)*a(6)-2*b*a(ll)~2+2*a*a(ll)*a(12)+2*e*a(12)~2+5*b*a(ll)*a(13) 
-4*a*a(12)*a(13)-2*b*a(13)''2-2*b*a(10)*a(14)-a*a(ll)*a(14)+2*a*a(13) 
*a(14)-2*e*a(14)"2+3*e*a(ll)*a(15)-6*e*a(13)*a(15)-2*b*a(14)*a(15) 
+6*a*a(15)"2+4*a(3)*a(5)+2*a(2)*a(6)-a(ll)*a(12)+2*a(12)*a(13)+2*a(ll) 
*a(14)-4*a(13)*a(14)-6*a(15)~2 

ideal J=I [1] , I [2] , I [3] , I [4] , I [5] , I [8] ; 

//This is the ideal generated by the linear equations in the entries 
//of Ta. 
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ideal JJ=std(J) ; dim(JJ) ; 14 
ideal J1=I [6] , I [7] , I [9] , I [10] ; 

//This is the ideal generated by the other four equations, 
ideal JJl=std(Jl); dim(JJl) ; 16 

Let us summarize the results. 

Let M be an indecomposable graded rank 2, 6-gcnerated MCM and M the restriction 
of M to the elliptic curve on our surface defined by / = 0:4 = 0. Then M = N\ © N)^ 
for a suitable 3-generated rank 1 MCM Nx = coker(Q;A), A e V{f,X4) \ {[—1 : : 
1:0]}^ V{fs) \ {[-1 : : 1]} =: C. U X = [a : b : c] and A* [c : 6 : a], then 
= Nxt, in particular, there exist skew-symmetric 3 x 3-matrices Fi, r3 with constant 
entries not being zero simultaneously and a 3 x 3-matrix r2 such that M — coker(A) for 

A = X4 r + L h Tl = -ai as , La = -a4 ae , La = »io an "12 

* \ Taj \ax y ' V -a2 -as / ' V -05 -oe / ' \ "is ai4 ais / 

and det(A) = f. 

Let P = P(2 : 2 : 2 : — 2 : — 2 : —2) be the weighted projective space with respect to the 
weights 2, 2, 2, —2, —2, —2 and the coordinates (ai : 02 : 03 : 04 : 05 : oe). Let A = be 
the 9-dimensional affine space with the coordinates (07, . . . , 015). 

A point (A; a) G C x P x A corresponds to an equivalence class of matrices A = 
X4 (^ll ) + ""0^ ) under the action of the group {Uk \ k e K*}, Ah^ UkAUl The 

duality of C defined by the 3-generated MCM of rank 1, A = [a : 6 : c] 1— > [c : 6 : a] = A*, 
induces an S'2-action on C x P x A. In terms of matrices it is defined by A 1-^ UAU*, 
U = ^0 ^ ) ■ ^'^^ -MCCxPxAbe the S'2-invariant closed subset defined by 

det(A) = p. Let tt : /A ^ C he the canonical projection. 

Theorem 6.8. (1) Every indecomposable graded rank 2, 6-generated MCM is repre- 
sented by a point in A4. 

(2) M. \ 7r~^({[l : b : 1] \ b^ = —2})/S2 is the moduli space of isomorphism classes 

of indecomposable graded rank 2, 6-generated MCM M such that the restriction 
to V{f,X4), M = Nx (B for Nx being not self-dual. This moduli space is 5- 
dimensional. 

(3) Let H = {[_kIu, """S") ' K,,K2,K,,K, e K, K^K.-K^K^ = l], then H 
acts on : b : 1] \ b^ = -2}) and : b : 1] \ b^ = -2})/H is the 
moduli space of isomorphism classes of indecomposable graded rank 2, 6-generated 
MCM M such that the restriction to V{f,X4,), M ^ Nx®Nx for Nx being self-dual. 
This moduli space is 2-dimensional. 

Remark 6.9. It is well known that the ideal defining 5 general points in is Goren- 
stein (this means any four from them are not on a hyperplane). Restricting to the 
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5 general points on the surface V{f) we get a family of Gorenstein ideals whose iso- 
morphism classes of 2-syzygies over R (they are indecomposable, graded, rank two, 6- 
generated MCM modules) form a 5-parameter family (see |Mij . |IKj ) . Here we give an ex- 
ample. Let [1 : : : -1], [1 : : -1 : 0], [1 : -1 : : 0], [1 : : : 0], [1 : -u : 1 : -u], 
M^ + M + 1 = be 5 general points on V{f) and / the ideal defined by these points in 
R. I is generated by the following quadratic forms: X2X4^ + ■UX3X4, —UX2X3 + UX3X4, 
X1X4 + X4 — (1 — u)xsX4, u{xi + xs)xs + 2x3X4, — X3X4 — x\ + UX1X2 — u^x\ + x1 + x\. Then 
the second syzygy of / over R is the cokernel of a skew symmetric matrix A defined by 

1] = A[2, 2] = A[3, 3] = A[4, 4] = A[5, 5] = A[6, 6] = 0, 

2] = (-3m - 2)0:3 + {2u - l)x4 = -A[2, 1], 

3] = -uxi + (-2m + 1)0:2 + {u + l)x3 + UX4 = -A[3, 1], 
A[l, 4] = (n - 2)xi -X2 + (-3u - 4)x3 + (2m - 1)0:4 = -A[4, 1], 
A[l, 5] = (m + l)x3 - UX4 = -A[5, 1], 

A[l, 6] = -uxi + (m + 1)X2 + (1/7m + 3/7)x3 + {-3/7u - 2/7)x4 = -A[6, 1], 

A[2, 3] = (m - 2)xi -X2 + X3 + {-u + 2)x4 = -A[3, 2], 

A[2, 4] = (3m + 2)o;i + (2m + 3)x2 + 4mx3 + X4 = -A[4, 2], 

A[2, 5] = (-3m - 1)0:3 + (m - 2)x4 = -A[5, 2], 

A[2, 6] = (-M - 2)0:1 + (-M + 1)0:2 + (-M - 1)0:3 + Mo;4 = -A[6, 2], 

A[3,4] = -3x3 = -A[4,3], 

A[3,5] = (m + 1)0:3 = -^[5,3], 

A[3, 6] = (-6/7m - 4/7)x3 + 0:4 = -A[6, 3], 

A[4,5] = (-3m- l)x3 = -A[5,4], 

yl[4, 6] = -MX3 + MX4 = -A[6, 4], 

A[5, 6] = — xi — MX2 = —^[6, 5]. 
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